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, Hardy Carleson . ,




$(n+1)$ Euclide $\mathbb{R}^{n+1}$ $\mathbb{R}_{+}^{n+1}$ $:=\{(x, t)\in \mathbb{R}^{n+1}|x\in \mathbb{R}^{n},$ $t>$
$0\}(n\geq 1)$ , Hardy $L^{(\alpha)}$ - $(0<\alpha\leq 1)$
$h_{\alpha}^{p}$ , Hardy (
). Hardy ,
[Nl] , [N2] [N3] Carleson
. Carleson
.




$0<\alpha\leq 1,1<p<\infty$ , $\mu$ $\mathbb{R}_{+}^{n+1}$ Borel . , $p,$ $n$
$C>0$ $u\in h_{\alpha}^{p}$ ,
$\Vert u\Vert_{L^{p}(\mathbb{R}_{+}^{n+1},d\mu)}\leq C(\kappa_{\tau}^{(\alpha)}[\mu])^{\frac{1}{p}}\Vert u\Vert_{h_{\alpha}^{p}}$ (1)
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, $\tau=\frac{n}{2\alpha}/(1+\frac{n}{2\alpha})$ $\mu$ $\mathbb{R}_{+}^{n+1}$ $T_{\tau}$ -Carleson




$0<\alpha\leq 1,1<p\leq q<\infty$ , $\mu$ $\mathbb{R}_{+}^{n+1}$ $B_{0}re1$ .
, $p,$ $q,$ $n$ $C>0$ $u\in h_{\alpha}^{p}$ ,
$\Vert u\Vert_{L^{q}(R_{+}^{n+1},d\mu)}\leq C(\kappa_{\tau}^{(\alpha)}[\mu])^{\frac{1}{q}}\Vert u\Vert_{h_{\alpha}^{p}}$ (2)




Carleson $T_{\tau}$-Carleson . [N3]








Hardy , $T_{\tau^{-}}$Carleson .
$\mathbb{R}^{n}$
$x$ $r$ $B(x, r):=\{y\in \mathbb{R}^{n}||x-y|<r\}$
. , $\alpha$ $0<\alpha\leq 1$ .
$\mathbb{R}_{+}^{n+1}$ , $L^{(\alpha)}$ ,
$L^{(\alpha)}=\partial_{t}+(-\Delta_{x})^{\alpha}$
. $\Delta_{x}$ $x$ Laplace . $L^{(\alpha)}u=$
$0$ L $(\alpha$ $)$ . $1<p\leq\infty$ ,
Hardy $h_{\alpha}^{p}(\mathbb{R}_{+}^{n+1})$
$h_{\alpha}^{p}(\mathbb{R}_{+}^{n+1})=\{u;\mathbb{R}_{+}^{n+1}$ $|L^{(\alpha)}u=0,$ $\Vert u\Vert_{h_{\alpha}^{p}}<\infty\}$
90
$*$ 1. Hardy
$\Vert u\Vert_{h_{\alpha}^{p}};=\{\begin{array}{ll}\sup_{t>0}(\int_{\mathbb{R}^{n}}|u(x, t)|^{p}dx)^{\frac{1}{p}} (1<p<\infty),\sup |u(x, t)| (p=\infty),(x,t)\in \mathbb{R}_{+}^{n+1} \end{array}$




. $x\cdot\xi$ $X$ $\xi$ , $|\xi|=(\xi\cdot\xi)^{1/2}$ . $W^{(\alpha)}(x, t)$
$\alpha=1/2,1$ Poisson , .
: $t>0$ ,
$\int_{\mathbb{R}^{n}}W^{(\alpha)}(x, t)dx=1$ . (3)
: $0<s<tl$ ,
$W^{(\alpha)}(x, t)= \int_{\mathbb{R}^{n}}W^{(\alpha)}(x-y, t-s)W^{(\alpha)}(y, s)dy$ . (4)
, $\mathbb{R}_{+}^{n+1}$ $K$ ,
$\inf$ $W^{(\alpha)}(x, t)>0$ (5)
$(x,t)\in K$
.
$k$ multi-index $\beta=(\beta_{1}, \ldots, \beta_{n})$ ( $\beta_{i}$ ) $|\beta|:=$
$\beta_{1}+\cdots+\beta_{n}$ , $f$
$\partial_{x}^{\beta}\partial_{t}^{k}f(x, t);=\frac{\partial^{|\beta|+k}}{\partial x_{1}^{\beta_{1}}\ldots\partial x_{n}^{\beta_{n}}\partial t^{k}}f(x, t)$
. ,
$\partial_{x}^{\beta}\partial_{t}^{k}W^{(\alpha)}(x, t)=t^{-\frac{n+|\beta|}{2\alpha}+k}(\partial_{x}^{\beta}\partial_{t}^{k}W^{(\alpha)})(t^{-\frac{1}{2\alpha}}x, 1)$ (6)
. .




2.1 ([NSS], Lemma 3.1). $C>0$ , $(x, t)\in \mathbb{R}_{+}^{n+1}$ ,
$| \partial_{x}^{\beta}\partial_{t}^{k}W^{(\alpha)}(x, t)|\leq C\frac{t^{1-k}}{(t+|x|^{2\alpha})^{\frac{n+|\beta|}{2\alpha}+1}}$
. ,




2.2. $1<p\leq\infty$ . $u\in h_{\alpha}^{p}$ ,
$u(x, t)= \int_{R^{n}}W^{(\alpha)}(x-y, t)f(y)dy$
$f\in L^{p}(\mathbb{R}^{n})$ . , $\Vert u\Vert_{h_{\alpha}^{p}}=\Vert f\Vert_{L^{p}(R^{\mathfrak{n}})}$
.
, $T_{\tau}$ -Carleson .
2.3. $\mu$ $\mathbb{R}_{+}^{n+1}$ Borel , $\tau>0$ . , $C>0$
,
$\mu(T^{(\alpha)}(x,t))\leq Ct^{(\tau_{\alpha}^{+1)\tau}}n$ (8)
, $\mu$ ( $L^{(\alpha)}$ ) $T_{\mathcal{T}}- Carleson$ . ,
$T^{(\alpha)}(x, t):=\{(y, s)\in \mathbb{R}_{+}^{n+1}||y-x|^{2\alpha}+s\leq t\}$
. ,
$\kappa_{\tau}^{(\alpha)}[\mu]=\sup_{(x,t)\in R_{+}^{n+1}}\frac{\mu(T^{(\alpha)}(x,t))}{t^{(\frac{n}{2\alpha}+1)_{\mathcal{T}}}}$





, , . ,
, .
$E(\subset \mathbb{R}^{n})$ ,
$\hat{E}=\{(x, t)\in \mathbb{R}_{+}^{n+1}|B(x, t^{\frac{1}{2\alpha}})\subseteq E\}$
. ;
$\overline{1}$
$\mu(B(x, t\overline{2\alpha}))\leq Ct^{\frac{n}{2\alpha}q}p$ . (9)
$T_{\tau}$-Carleson $($ , $\tau=\frac{n}{2\alpha}$ . $qp’( \frac{n}{2\alpha}+1))$ (9)
. $\alpha\leq 1/2$ , $0<t\leq S$
$(s-t)^{\frac{1}{2\alpha}}\leq s^{\frac{1}{2\alpha}}-t^{\frac{1}{2\alpha}}\leq(2s-t)^{\frac{1}{2\alpha}}$
, $T^{(\alpha)}(y, s)\subset B\overline{(y,s^{\frac{1}{2\alpha}}})\subset T^{(\alpha)}(y, 2s)$ ,
. $\alpha>1/2$
$s^{\frac{1}{2\alpha}}-t^{\frac{1}{2\alpha}}\leq(s-t)^{\frac{1}{2\alpha}}\leq(2s)^{\frac{1}{2\alpha}}-t^{\frac{1}{2\alpha}}$
, $B\overline{(y,s^{\frac{1}{2\alpha}}})\subset T^{(\alpha)}(y, s)\subset B(y\overline{(2s)}^{\frac{1}{2\alpha}},)$ . ,
2 .
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3.1. $1<p\leq q<\infty,$ $\mu$ $\mathbb{R}_{+}^{n+1}$ Borel . ,
$C>0$ $u\in h_{\alpha}^{p}$ ,
$\Vert u\Vert_{L^{q}(\mathbb{R}_{+}^{n+1},d\mu)}\leq C\Vert u\Vert_{h_{\alpha}^{p}}$
, $\mu$ $C>0$
$\overline{1}$
$\mu(B(x, t\overline{2\alpha}))\leq Ct^{\frac{n}{2\alpha}g}p$ , $(x, t)\in \mathbb{R}_{+}^{n+1}$ (10)
.
3.2. $1<p\leq q<\infty,$ $\mu$ $\mathbb{R}_{+}^{n+1}$ Borel . ,
$C>0$
$\mu(B\overline{(x,t^{\perp}2}\alpha))\leq Ct$ $zp$ , $(x, t)\in \mathbb{R}_{+}^{n+1}$
, $C>0$ $u\in h_{\alpha}^{p}$ ,
$\Vert u\Vert_{L^{q}(R_{+}^{n+1},d\mu)}\leq C(\kappa_{\tau}^{(\alpha)}[\mu])^{1/q}\Vert u\Vert_{h_{\alpha}^{p}}$
.
3.1 32 4 5 .
4
Carleson . 3.1 .
$(x, t)\in \mathbb{R}_{+}^{n+1}$ , $u(y, s)=W^{(\alpha)}(x-y,t+s)$ .
Carleson .
$\Vert W^{(\alpha)}(x-\cdot, t+\cdot)\Vert_{L^{q}(\mathbb{R}_{+}^{n+1},d\mu)}^{q}=\int_{R_{+}^{n+1}}|W^{(\alpha)}(x-y, t+s)|^{q}d\mu(x, t)$
$= \int_{R_{+}^{n+1}}(t+s)^{-\frac{n}{2\alpha}q}|W^{(\alpha)}(\frac{x-y}{(t+s)^{\frac{1}{2\alpha}}},$ $1)|^{q}d\mu(y, s)$
( (6) )
$\geq\int_{B\overline{(x,t\tau^{1}}_{\overline{a}})}(t+s)^{-\frac{n}{2\alpha}q}|W^{(\alpha)}(\frac{x-y}{(t+s)^{\frac{1}{2\alpha}}},$ $1)|^{q}d\mu(y, s)$ .
. $B\overline{(x,t^{\frac{1}{2\alpha}}})$ , $(y, s)\in B\overline{(x,t^{\frac{1}{2\alpha})}}$ $0<s\leq t$ .
, $|x-y|\leq t^{\frac{1}{2\alpha}}-s^{\frac{1}{2\alpha}}\leq t^{\frac{1}{2\alpha}}+s^{\frac{1}{2\alpha}}\leq 2^{\frac{1}{2\alpha}}(s+t)^{\frac{1}{2\alpha}}$ $0 \leq\frac{|x-y}{(t+s)^{\frac{11}{2\alpha}}}\leq 2^{\frac{1}{2\alpha}}$
94
. , (5) .
$\Vert W^{(\alpha)}(x-\cdot, t+\cdot)\Vert_{L^{q}(\mathbb{R}_{+}^{n+1},d\mu)}^{q}\geq C\int_{B\overline{(x,t^{\frac{1}{2\alpha}}})}(t+s)^{-\frac{n}{2\alpha}q}d\mu(y, s)$
$\geq C\int_{B\overline{(x,t^{\frac{1}{2\alpha}}})}(2t)^{-\frac{n}{2\alpha}q}d\mu(y, s)$
$\overline{1}$
$\geq Ct^{-\frac{\mathfrak{n}}{2\alpha}q}\mu(B(x, t\overline{2\alpha}))$ .
,







( $\omega_{n-1}$ : $\mathbb{R}^{n}$ )
$=C \omega_{n-1}\sup_{s>0}\int o(t\infty+s)^{-\frac{n}{2\alpha}p}\frac{1d}{(1+\frac{r^{n-}r^{2\alpha}}{t+s})^{(\frac{rn}{2\alpha}+1)p}}$
$=C \frac{\omega_{n-1}}{2\alpha}\sup_{s>0}(t+s)^{\frac{n}{2\alpha}(1-p)}\int_{0}^{\infty}\frac{\eta^{\frac{n}{2\alpha)^{(}}-1}}{(1+\eta\frac{n}{2\alpha}+1)p}d\eta$ .
$p>1$ $\int_{0}^{\infty}\frac{\eta^{\frac{n}{2\alpha)^{(}}-1}}{(1+\eta\frac{n}{2\alpha}+1)p}d\eta<\infty$ $\frac{n}{2\alpha}(1-p)\leq 0$ ,
$\Vert W^{(\alpha)}(x-\cdot, t+\cdot)\Vert_{h_{\alpha}^{p}}^{p}<Ct^{\frac{n}{2\alpha}(1-p)}$
. ,
$\Vert W^{(\alpha)}(x-\cdot, t+\cdot)\Vert_{h_{\alpha}^{p}}<Ct^{\frac{n}{2\alpha}(\frac{1}{p}-1)}$ (12)
.
Carleson (11) (12) .
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$u^{*}(x)=$ $\sup$ $|u(y, s)|$
$(y,s)\in\Gamma(x)$
. $\lambda>0$ $E_{\lambda}:=\{x\in \mathbb{R}^{n}|u^{*}(x)>\lambda\}$ , $u^{*}$
$E_{\lambda}$ ,
$E_{\lambda}= \bigcup_{Q\in \mathfrak{F}}Q$
Whitney (cf. [S]). , $\mathfrak{F}$ $\mathbb{R}^{n}$ cube , $Q$
,
$C_{1}$ diam$(Q)\leq$ dist $(Q,\partial E_{\lambda})\leq C_{2}$diam$(Q)$ (13)
$C_{1},$ $C_{2}$ . diam$(Q)$ $Q$ diameter .
$G_{\lambda}:=\{(x, t)\in \mathbb{R}_{+}^{n+1}||u(x, t)|>\lambda\}$
. $(x0, to)\in G_{\lambda},$ $z\in B(x0, t_{0}^{T^{1}\overline{\alpha}})$ $|x0-z|<t^{\frac{1}{0^{2\alpha}}}$ $(x0$ , to $)$ $\in\Gamma(z)$
,
$\sup$ $|u(y, s)|\geq|u(x0, t_{0})|>\lambda$
$(y,s)\in\Gamma(z)$




5.1. $\hat{E_{\lambda}}\subset\bigcup_{Q\in \mathfrak{F}}\overline{C_{3}Q}$ . , $C_{3}Q$ $Q$ diameter
$C_{3}$ cube .
$(x, t)\in\hat{E_{\lambda}}$ $B(x,$ $t^{\frac{1}{2\alpha})}\subset E_{\lambda}$ , dist $(B(x, t^{\frac{1}{0^{2\alpha}}}), \partial E_{\lambda})=0$
$t_{0}(\geq t)$ . , $\partial E_{\lambda}$ $E_{\lambda}$ . $B(x, t^{\frac{1}{0^{2\alpha}}})\subset E_{\lambda}$
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$x \in E_{\lambda}(=\bigcup_{Q\in \mathfrak{F}}Q)$ , $Q_{0}\in \mathfrak{F}$ $x\in Q_{0}$ . $x_{0}$ $Q_{0}$
. $y\in B(x, t^{\frac{1}{0^{2\alpha}}})$ $|x-y|\leq t^{\frac{1}{0^{2\alpha}}}$ ,
$|y-x_{0}|\leq|y-x|+|x-x_{0}|\leq t^{\frac{1}{0^{2\alpha}}}+$ diam$(Q_{0})$
. $\tilde{x}0\in Q_{0}\cap\partial Q_{0}$ $Q_{0}$ $\partial E_{\lambda}$ , dist $(\tilde{x}0, \partial E_{\lambda})=$ dist $(Q_{0}, \partial E_{\lambda})$
,
$t^{\frac{1}{0^{2\alpha}}}=$ dist $(x, \partial E_{\lambda})$
$\leq|x-\tilde{x}0|+$ dist $(Q_{0}, \partial E_{\lambda})$
$\leq$ diam$(Q_{0})+C_{2}$diam$(Q_{0})$
$=(C_{2}+1)$diam$(Q_{0})$
. $|y-x_{0}|\leq(C_{2}+2)$diam$(Q_{0})$ . $C_{3}$
$y\in C_{3}Q_{0}$ . $y$ $B(x, t^{\frac{1}{0^{2\alpha}}})$
$B(x,$ $t^{\frac{1}{2\alpha})\subset B(x,t^{\frac{1}{0^{2\alpha}}})\subset C_{3}Q_{0}}$ . , $(x, t)\in\overline{C_{3}Q_{0}}$ .
,
$\mu(G_{\lambda})\leq\mu(\hat{E_{\lambda}})\leq\sum_{Q\in \mathfrak{F}}\mu(\overline{C_{3}Q})\leq\kappa_{\tau}^{(\alpha)}[\mu]\sum_{Q\in \mathfrak{F}}|C_{3}Q|^{q\prime p}$
$\leq C\kappa_{\tau}^{(\alpha)}[\mu]\sum_{Q\in \mathfrak{F}}|Q|^{q\prime p}\leq C\kappa_{\tau}^{(\alpha)}[\mu]|E_{\lambda}|^{q\prime p}$
. , $|C_{3}Q|,$ $|Q|$ $C_{3}Q$ $Q$ ,
(14), 5.1, $\mu$ ,
$p\leq q$ . ,











$( \int_{0}^{\infty}|E_{\lambda}|^{q\prime p}\lambda^{q-1}d\lambda)^{p\prime q}\leq\sum^{\infty}2^{(k+1)p}|E_{2^{k}}|\leq\frac{2^{2p}}{p}\int_{R^{n}}|u^{*}(x)|^{p}dx$
$k=-\infty$
. ,
$\Vert u\Vert_{Lq(\mathbb{R}_{+}^{n+1},d\mu)}\leq C(\kappa_{\tau}^{(\alpha)}[\mu])^{1\prime q}q^{1\prime q}(\int_{0}^{\infty}|E_{\lambda}|^{q’ p}\lambda^{q-1}d\lambda)^{1\prime q}$




$f$ , $Mf\in L^{p}(\mathbb{R}^{n})$ .




$(y, s)\in\Gamma(x)$ . $z\in \mathbb{R}^{n}$ , $|x-z|\leq|x-y|+|y-z|\leq s^{\frac{1}{2\alpha}}+|y-z|$
,
$s+|x-z|^{2\alpha}\leq s+(s^{\frac{1}{2\alpha}}+|y-z|)^{2\alpha}\leq s+C(s+|y-z|^{2\alpha})\leq C(s+|y-z|^{2\alpha})$
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. ,


















$|u(y, s)|\leq CMf(x)$ $(C=1+2^{(\frac{n}{2\alpha}+1)})$
99
.
$u^{*}(x)=$ $\sup$ $|u(y, s)|\leq CMf(x)$
$(y,s)\in\Gamma(x)$
.
52 (15) , $C>0$
$\Vert u\Vert_{L^{q}(R_{+}^{n+1},d\mu)}\leq C(\kappa_{\tau}^{(\alpha)}[\mu])^{1\prime q}\Vert Mf\Vert_{Lp(\mathbb{R}^{n})}$
. .
5.3 ([SW]). $1<p\leq\infty$ $C_{p,n}=2( \frac{5^{n}p}{p-1}I^{1\prime p}$ ,
$\Vert Mf\Vert_{L^{p}(R^{n})}\leq C_{p,n}\Vert f\Vert_{Lp(R^{n})}$
.
22 ,
$\Vert u\Vert_{Lq(R_{+}^{n+1},d\mu)}\leq C(\kappa_{\tau}^{(\alpha)}[\mu])^{1’ q}\Vert f\Vert_{L^{p}(R^{n})}=C(\kappa_{\tau}^{(\alpha)}[\mu])^{1’ q}\Vert u\Vert_{h_{\alpha}^{p}}$
, 3.2 .
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